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1 Top quark decay mode t → bW+ → b(�+ν�)
1 Born approximation
2 QCD radiative corrections
3 QED radiative corrections
4 QED radiative corrections: Kinoshita-Lee-Nauenberg theorem

2 Top quark decay mode t → bH+ → b(τ+ντ )
1 Born approximation
2 QED radiative corrections
3 QCD Radiative Corrections: Details of calculcation

3 Radiative corrections to both top quark decay modes
t → b(W+,H+) → b(τ+ντ )

4 Radiative corrections contribution to lepton universality
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Top Quark Decays: Born approximation

t(pt)

W+(q)

νe(pe)

e+(pe)

b(pb)

t(pt)

H+(q)

ντ(pτ)

τ+(pτ)

b(pb)

a.) b.)

Matrix element of t → bW+ → b(�+ν�) within the Standard Model (SM):

M
t→bW+→b(e+νe)
Born = i

g2Vtb

4
√

2

1

q2 − M2
W + iMW ΓW

(
gμν − qμqν

M2
W

)
×

× [ūb (pb) γμ (1 + γ5) ut (pt)] [ūe (pe) γν (1 − γ5) uνe (pν)] , (1)
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Top Quark Decays: Born approximation

The kinematical notations:

xb = 2Eb
Mt

, xe = 2Ee
Mt

, xν = 2Eν
Mt

, y = 1 + η − xb,

γ = ΓW
MW

, ξ =
M2

t

M2
W

, η =
M2

b

M2
t

, xmax
e = 1 − η,

The decay spectrums:

dΓ
t→bW+→b(l+νl)
Born

dxbdxl
= Γt

xl

(
xmax

l − xl

)
(
1 − y

y0

)2
+ γ2

, (2)

dΓ
t→bW+→b(e+νe)
Born

dxe
=

1∫
1−xe

dxb
dΓ

t→bW+→b(e+ ν̄e)
Born

dxbdxe
= Γt · xe (xmax

e − xe)ΦW (xe) , (3)

where

ΦW (x) =

x∫
0

dy(
1 − y

y0

)2
+ γ2

=

=
1

γξ

[
arctan

(
ξ
(
1 −√

η
)2 − 1

γ

)
+ arctan

(
ξ (η + x) − 1

γ

)]
. (4)
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Top Quark Decays: QCD Radiative Corrections

The inclusive electron energy spectrum including the lowest order QCD corrections is

dΓ
t→bW+→b(e+νe)
Born+QCD

dxe
= Γt

xe∫
0

dy

(1 − ξy)2 + γ2

[
xe (xmax

e − xe) − 2αs

3π
FW (xe, y)

]
. (5)

where the function FW (x, y) is finite in the limit Mb → 0 and has the form (M. Jezabek and
J. H. Kühn, Nucl. Phys. B320, 20 (1989)):

FW (x, y) = 2x (1 − x)

[
ζ2 + Li2 (x) + Li2

( y

x

)
+

1

2
ln2

(
1 − y/x

1 − x

)]
+

+ x
[
ζ2 + Li2 (y) − Li2 (x) − Li2

( y

x

)]
+

+
1

2
ln (1 − y)

[− (3 + 2x) + 2y (1 + x) + y2
]
+

+
1

2
ln
(
1 − y

x

) [
x (9 − 4x) − 2y (1 + x) − y2

]
+

+
5 (1 − x)

2
ln (1 − x) +

1

2
y (1 − x)

( y

x
+ 4
)

. (6)

This formula is valid for xe < 1. The case xe ≈ 1 where this result becomes unstable is
practically not interesting.
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Top Quark Decays: QED Radiative Corrections

To calculate the QED radiative corrections in the leading logarithmic approximation we will use
the Structure Function (SF) Method. The QED radiative corrected spectrum is:

dΓ
t→bW+→b(e+ν̄e)
Born+QED

dxe
=

1∫
xe

dye

ye
D

(
x

ye
, βe

)
dΓ

t→bW+→b(e+ν̄e)
B

dye
, (7)

where the structure function D (x, βe) is (E. A. Kuraev and V. S. Fadin, Sov. J. Nucl. Phys. 41,
466 (1985))

D (x, βe) = δ (1 − x) + βeP (1) (x) +
1

2!
β2

eP (2) (x) + · · · , (8)

βe =
α

2π
(Le − 1) , Le = ln

(
M2

t

m2
e

)
≈ 25.4, (9)

P (n) (x) are the kernels of the evolution equations:

P (1) (x) =

(
1 + x2

1 − x

)
+

= lim
Δ→0

[
1 + x2

1 − x
θ (1 − x − Δ) +

(
2 ln (Δ) +

3

2

)
δ (1 − x)

]
,(10)

P (n) (x) =

1∫
x

dy

y
P (1) (y) P (n−1)

(
x

y

)
.
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QED Radiative Corrections: KLN Theorem

The structure function D (x, βe) defined in this way automatically satisfies the
Kinoshita-Lee-Nauenberg (KLN) theorem (T. Kinoshita, J. Math. Phys. 3, 650 (1962); T. D. Lee
and M. Nauenberg, Phys. Rev. 133, B1549 (1964)) of the cancellation of the mass singularities
in the total decay width

1∫
0

dy

1∫
y

dt

t
D
( y

t
, βe

)
F (t) =

1∫
0

F (t)dt.

βe =
α

2π
(Le − 1) , Le = ln

(
M2

t

m2
e

)
.
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QED Radiative Corrections: First Order RC in Leading Logarithmical
Approximation

dΓ
t→bW+→b(e+ν̄e)
QEDLLA

dxe
=

α

2π
(Le − 1)

1∫
xe

dye

ye
P (1)

(
xe

ye

)
dΓ

t→bW+→b(e+ ν̄e)
B

dye

=
α

2π
(Le − 1) Γt

1∫
xe

dye

ye
P (1)

(
xe

ye

)
ye (ymax

e − ye)Φ (ye)

=
α

2π
(Le − 1) Γt I (xe) , (11)

where ymax
e = 1 − η, and

I (x) =

1∫
x

dy

y
P (1)

(
x

y

)
y (ymax − y)Φ (y) =

= Φ (x)

{
x (1 − x)

[
2 ln

(
1 − x

x

)
+

3

2

]
+ x ln (x) + (1 − x)2 − 1

2

(
1 − x2

)}
+

+

1∫
x

dy
(1 − y)

(
y2 + x2

)
y (y − x)

[Φ (y) − Φ (x)] . (12)
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Top Quark Decays: Radiative Corrections

For the experimental setup in which both the gluonic jets and the electron are measured:

dΓt→bW+→b(l+νl)

dxbdxl
=

1∫
xl

dyl

yl

1∫
xb

dyb

yb

dΓ
t→bW+→b(l+ν̄l)
B

dybdyl
×

× DQCD

(
xb

yb
, βb

)
DQED

l

(
xl

ye
, βl

)(
1 − 2αs

3π
FW (yl, yb)

)
, (13)

where βb = α
2π

(Lb − 1) and βl = α
2π

(Ll − 1).
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Top Quark Decays via Higgs: Born approximation

t(pt)

H+(q)

ντ(pτ)

τ+(pτ)

b(pb)

Lagrangian in the MSSM (and in the Two-Higgs-Doublet Model (2HDM)) is:

LInt =
g

2
√

2MW

VtbH
+ [ūt (pt) {A (1 + γ5) + B (1 − γ5)}ub (pb)] +

+
gC

2
√

2MW

H+ [ūνl (pν) (1 − γ5) ul (pl)] , (14)

where H+ stands for charged Higgs field, and A, B and C are the model-dependent parameters,
which depend on the fermion masses and tan β:

A = Mt cot β, B = Mb tan β, C = Mτ tan β, (15)

The matrix element of the process t → bH+ → b(l+ ν̄l) is

M
t→bH+→b(l+νl)
B = i

g2Vtb

8M2
W

C

q2 − M2
H + iMHΓH

[ūνl (pν) (1 + γ5) ul (pl)] ×

× [ūt (pt) {A (1 − γ5) + B (1 + γ5)}ub (pb)] . (16)
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QED Radiative Corrections: First Order RC in Leading Logarithmical
Approximation

To calculate the QED radiative corrections in the leading logarithmic approximation we will again
use the Structure Function Method:

dΓ
t→bH+→b(�+ν�)
Born+QED

dx�
=

1∫
x�

dy

y
D

(
x�

y
, βl

)
dΓ

t→bH+→b(l+νl)
Born

dy
. (17)

where the large QED logarithm now is β� = βe, βμ, βτ

β� =
α

2π
(L� − 1) , Le = ln

(
M2

t

m2
e

)
≈ 25.4,

Lμ = ln

(
M2

t

m2
μ

)
≈ 14.8, Lτ = ln

(
M2

t

m2
τ

)
≈ 9.1.

The first order QED radiative corrections then

dΓ
t→bH+→b(l+νl)
QEDLL

dxl
=

α

2π
(Ll − 1)

1∫
xl

dy

y
P (1)

(
xl

y

)
dΓ

t→bH+→b(l+νl)
Born

dy
=

=
α

2π
(Ll − 1) Γt IH (xl) . (18)
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QCD Radiative Corrections: Details of calculcation

Soft gluon emission, i.e. ω < ΔEb � Mt (we work in the rest frame of top quark) leads to

dΓsoft

dΓBorn
= − α

4π2

∫
d3k

ω

(
p

pk
− pb

pbk

)2

=

=
α

π

[
2(l − 1) ln

2ΔEb

λ
+ 1 + l − l2 − π2

6

]
, l = ln

yMt

Mb
. (19)

Soft and virtual corrections contributions:

dΓS+V = dΓBorn

{
1 +

α

2π
(L − 1)

(
2 lnΔ +

3

2

)
+

+
α

π

[
− lnΔ − 5

2
+

1

2
ln2 y − 5

2
ln y + Li2

(
1 − 1

y

)
− π2

6
− 1

1 − y
ln y

]}
,(20)

where Δ = ΔEb/Eb, L = ln
M2

t y2

M2
b
Δ

. Note that the term containing ln Δ are connected with

emission from the ”light” b-quark and the heavy t-quark.
Hard photon emission (here we present the contributions of only collinear region (�k||�pb):

dΓcoll =
α

2π

1∫
y(1+Δ)

dt

t
dΓBorn (t)

⎡
⎣ 1 + y2

t2

1 − y
t

(Lσ − 1) + 1 − y

t

⎤
⎦ , (21)

where σ is some auxiliary parameter which separates the region of collinerity and

Lσ = ln
M2

t yσ

xM2
b

, Δ =
2ΔE

Mty
.
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QCD Radiative Corrections: Gather the final result

Gathering together all terms of QCD RC (and performing the substitution α → αsCF ,

CF =
N2

c −1

2Nc
= 4

3
) we obtain the following expression for xτ and y distribution:

dΓBorn+QCD

dxτ dy
=

1∫
y

dt

t
DQCD

( y

t
, β
) dΓBorn (t, xτ )

dtdxτ

(
1 +

αsCF

π
KH

)
, (22)

where KH is the K-factor which contains all the non-enhanced terms.

dΓBorn+QCD

dtdxτ
=

dΓBorn

dtdxτ
− 2αs

3π

xτ∫
0

dy
dΓBorn

dydxτ
FH (xτ , y) = (23)

=
dΓBorn

dtdxτ
− αsCF

π

1∫
t(1+Δ)

dy
dΓBorn

dydxτ

y2

t2
1

t − y
+

+
αsCF

π

dΓBorn

dtdxτ

[
−5

2
+

1

2
ln2 t − 5

2
ln t − ln t

1 − t
− ζ2 + Li2

(
1 − 1

t

)
− t

2
− ln Δ

]
.

This contributions do not depend on the value of small auxiliary parameter Δ � 1.

A. Ali, E.A. Kuraev, Yu.M. Bystritskiy ( DESY, Hamburg, Germany Bogoliubov Laboratory of Theoretical Physics, JINR Dubna, Russia )Top Quark Decay Analysis including QED and QCD radiative corrections 5 September 2009 13 / 16



Top Quark Decays: Radiative Corrections

The tau-lepton differential brenching for the process

t (pt) → b (pb) +
{
W+ (q) , H+ (q)

} → b (pb) + τ+ (pτ ) + ντ (pν) (24)

where only the energy fraction of final tau-lepton (x = 2Eτ /Mt) is measured have a form

We used rather large value of tan β ≈ 40 (the Two-Higgs-Doublet Model parameter) in order to
provide the total brenching of decay mode with H+ in the intermediate state of order ∼ 10%.
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Top Quark Decays: Lepton universality check

Radiative corrections give noticeable contribution into the ratios of the lepton-energy spectra in
the decays t → bW+ → b(�+ν�) quantifying the breakdown of the lepton universality.

The solid curve shows the ratio Reτ (x) = dΓt→bW+→b(τντ )

dxτ
/ dΓt→bW+→b(eνe)

dxe
, and the dashed

curve is the ratio Rμτ (x) = dΓt→bW+→b(τντ )

dxτ
/ dΓt→bW+→b(μνμ)

dxμ
.
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Conclusions

1 We calculated the QED radiative corrections to the following top quark
decay modes t → bW+ → b(�+ν�) and t → bH+ → b(τ+ντ ) within the
Structure Function Approach.

2 We calculated the QCD radiative corrections to t → bH+ → b(τ+ντ ) in
the first order of perturbation theory and summed logarithmically
enhanced terms in all orders of perturbation theory using the Structure
Function Approach.

3 The contributions of radiative corrections into lepton universality was
evaluated.
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